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1 Introduction

TFho aIbilitv of liigli-resollitiloii (liruct loll (A iiI 'id ( D)OA ) ("I ii to! 'I sits M tl1l

(11015s ( thle teilli p i/ 1r11bal it) i (PY) 1 efeis I o aniv YVl'l'h fV e V' Iw\(' he Iliallifo11lds

of actual and thleoret ical steer-ingI ve1IoF:s for1 Ii ie airilv~) [1 Soiiie possible causes of

1 )eltlrbat loll eror, ire Cel e Ient III Isfl I;e w e wIII It 11-I istof I rop \1 o f I lic ('Ii ell Its at I I d/ ou

theW CliviFol iliill . ilita CU rate gail ianld plisi cal ibraltion. alla thle ass'il nipt loll that IIIhe
sources lie ili the far- field. Various iliitliods were fplfow'I to dll wit Ih ie prolblemi

of estiiatilg D)OA under pelt irhebd cowiit ionls. .\lli of I heim Iiiiiade rat lieules. c

tive assullllt ions: [2] requli red atl leasts Iwo (a I bra l"ii u )IliFces, with iiw (1W! ) As.
X'llic [:3]-[i] requlired th i'solliccs t o Iwe lisjojilt II i i le fiv~piiclic \ or I liltie. The pha~e

(11Ol' werev assiiied to lbe (a sed solckl ) Lv elei wilt 11i',pIliceliin InI [5I-tb]. while
inl [7]-[91, the phiase errors were &sumciid to he ii'pil'i of imde ( alil Ille(l-elorc

ntot causedf by cdeellIitii isplaceiliit ). Tli lel-I (lescliI)s a 1ieV 111(1 hiod for cst I

mnat ig the L)OAS of' lloli-(lisjoiit. Ililworelatedl ilauuowlh :,d si,01ials which mlakes nlo
assumpjtiolis about thle phlase' ('Irors lildlined 1,vI' (lt e ii ,aj tloll (likhe (it hei('l h(1ods

wvhichi Iniclude phase errors Illi t perlt 1,Ii ilat loll M iodel . Ht locS uIiake t lie st amlllard as-
StliUItioil that the gail rTOPS aMV aliiglc-i iidepeiidemit: lie t leoret ical galis, hiow'vcr.
ma1,Y be nloli-I' otropic if thle signals are la u-field). Tlie fir-a pa It- of thle lil 11( con

sists of an iterative algorit himi whuich \iehhs est iliicte of' lie sigial steer-Ing vectors.

Ill the second~ part of' the mlet hod. t ln>e s-tcell ('u h cct 01 are ulseil to c('111 ii th le
[)OAs. This two-[il it I'truct ill(c and tw cl(' elilit of t lehel mIualo odel mnakla
the new tllet hod simlillar to( th In'lietho 11( dscii)((li I tJ01 11 ll'tlethd hl( lave' llot vet
beenl C'omplaredl.

2 Estimating the Steering Vectors

D~ecomhposinlg thle signl Icova rialice iia t ix
The algoritlin starts bv obt ailling" astili a t('lI 0' tOli s'ignl CoVinICe HMANi.

If the nlis( covailalice miatriN IS asilC11l to be ait tul1tileI Of the Idlelltitv IlatrAi a

est illnate(alli be 1011114 by l-cplaci hg Ilie small e'ig('livall I('s of t Ile( sitll1iple (lalt at covarMIIanC(
Milt ix w\It I1 /('uOS al'teu SlIbt ract illo I ll' average frloml I hei lai ugr eitonvllies

Si rice thle sIi ia Is are lii corla lted. t lle tta~l outpJlit ~gl powerli ali Ill ll(ll

equals the th1 e total ittplit signlal power (whlichl is t lie sallii' lou all ('l(lll('lits) n1lilt i1ilied
by the squlared gain of' thle elellwelt. ( olieqefllt lv. thi' gains. (all be ('StlImlatell L~v thle

sqtia-me root of the diagonal comtpointts of R.,,. Let !);, (lenot il( e e(stlite pa( gn i of
the kth element, for 4' I....... lc SIgnat covili'ali(e Iliat\ Is IS gill-cilhlirated

by dividing thle i. j t Ii ('oliplpill of t he Ilili ix bY !1,!/ for all I anid jAlter tis

'For a;i l I i ilVa lisf, covarilieo iirii B _l H .l i I 'Siill iil ;~i .,cill" t Ir~ ll I ii. wet I- li 'II

paper oil the %WIt St(;tfoil- h1ll [tI]



ipr t oll has bl)( l peIA' lll d( all tlt'eiwill. tili I t >>ii I t o hav l 1i\0 i 1%i \ gal .

wh'Iere
Ulu~I (2)

and( Y- is a (liagoial mlatrlix. U hias (IIII~Ilsitoi N I, .1t! whi' .11 1s Ihle iiiiiiiltei of,

sign1als. The signial covaiiiiice iiiatliiX lils aliot lieilwiius.lul

R,=VSVt, (3)

Whlerc V i;, a mnatrix of' tie sigiial st('eilig \('(OiS- .111d S 1 i a uh;i-oiial iiial rix of* Ow

I UI7]'S/N,[

U UN12

Slice Is.S1  it s(jiiare mlatl-ix. ( Iiiiphies t Lil

I Sl/ 2V U~ OtvsiU1.

Since S is (diagonial.

(Ujt v .vi) (IvJ for1 1 < I.j, < .1/ itild 1 .

where v, (101101 es I ie( It 11 (o01lliil1 of, V.

Li pdatilig thle E--stimiated St eonrigo Vect ors
The algori tbin at t emfts to find Fa set of, 1ctlors. 1vIc'('t li 'I) l v thle col i lis of a

matrix Vr, which satisfy (5). V1 call be iit ialized bYset t iig 'its colulnilis equal to the
theoretical StecrillV vectors that coin-espoiid to peak,'ii III VWSIC (ulI* I(s descibd

illn oredolt dii inl t he Fol lowing scut ioll). .Ii ilbii lii It c;Ii [(iai io I Ilit l gitrit 1 ill lbegilis

bv r-e-est Iliiiat ilig the first serlo\,((,lt, Il otlc c.Ifst c stt't'iii vecttors
are kept iied ohris 1als'rle lell"vc . U V1 , Shliildlb I a iogtlo lia lo

U VI. whlere' V1 (1(1101 (s thle ii atix I'(1111C b'( I hi'1 i 1i11Cit IlliSt COlIiIIII of' . Iiis

ntull spac.' has at dhimen'sioni of' I. [orii \tit v or z ill th 1lii 1 pil lic(. V1[ shiould sat isl''
lie linder-det erliill('d s(et of* eqlat ii)iis

VI =r oIz()



Or smileC arbiti'arv scale hactom0 If 1 i a Atw~iiP vect1or it should lie ill Ilie coliiii
space of U (see ()aiid (3)). Tlus, Vl shiould also satisfY

V, = U q (Q

for somne vector q. Suibst it ut ing (7) ini (63) and miakiing use of' (2). one fildIs that

_ (I UV"z

A ftei ,r 1 has een il)pdat edl othlei stein ig \ect 015 are re-est ilinat ed inl lie >,an ie fashlion:
the iterationi coiicludes with the upld(ate of' the Altli "ieeriii" \cctur estimiate. It is

clear that at the eind of' thle first ite(Tat ion of thle algori thi ii, V7 will ha \e coinverged

to a set of vectors which sat isl 'v (5) and~ lie in thle (alumini sp~ace of* U. IHowever. a

it. stands, the algorithm is iiicoilplete. Adldit ionial strucAture( lutlist he impof~sed oil V.
correspondhing to the f'act that the absolute \aliie of cacti couuilpoiic in N' is assmiiid

1to equial 1, the noiniial gain of thle calibrat ed eleHUieuu s. TlilS. thle lalst step ini 1il)(lat ing

?I coinsists of scalling it: its Iliase is lef tiicliaiige(. but its, niagnitutde is replaced by 1.
Ini the Lr-norii. the restiltiiig vecor is thle one with I ( t li correct gais that is iiemrst

to the uliscaledl 1 Alter lie scaling olperationi. vi no longer sat isfies (6i) or (7).
Consequently. thle algorithum muist be applliedl for anl indefiliite iiuiiilbei )f it eiat ions.

Two criteria given below c-aii be used to evaltiate thle conuiverge(Iice of' lie al"oritliii

it "'ill be seen that the alIgori thm id (oes iiot niecessa rily con verge imoniotoniically withI

respect t~o eit her of t hse qua nt it ies hie average wol ogouual ol thle I ualisforiuedl.

scalhed vectors is (definuedl as

\vlime t he angle betw\eeii ( u1IIl)lN-valuied l 'toi5 X and( y' is (l(liii((l as

The avermage fract ionual amuounit t hat thle Scaled vectors lie ini thle colun space of U

is definled as

whlere a prioject ioul iliat riX PX( is dlefinied by

PX:! X(XVX) X.

The algorit liut cani be teniiuiuateml wei im swTeiuig \('(tou S i igs siglih-tbi ut lmnioi

one iterationi to thle newt ou after a fixedl iiiumbei of iteratliots.
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3 Estimating the Directions of Arrival

phlase errors. MiUSIC estiriiat es it( dlirectilols of arrival by flindlg thle valtlis of'

o which yield peaks iii -1 It lo~( 1 - P 1.)v, ), .where I is the( idliit itY vIiatrox of'
dlimnlision A' by A' 'Ille correspodinrg thleoret ical st yn g vecto0rs lie frol fF1i tc
noise suihsjmc, or equi valenitly, close to tit (, sigi IaI l sh), pce.

Since the algorithIin de(scrib~ed ill lie( first s'ct ion pro~vides est illiat es of' tie( iiidi

vidulna signial steerinig vec'tors, one' Call illi'ohidenit lv ('4 limlt( tilt directliull of aiiival

of each signal. Ilhe (llet io of arrival of III(' j )III igllail is t'st Iillitle hYI fv iningi the
sinle -value of 0 WhlichIl naxiiliiieS - It 10 t A I P,, ) 5

4 Simulation Results

[The e.N)Cnini('it, inllv~ed at ci-u ll array of .six eleilielit>, wit hi A/2 hpcn et wel

i C'. the noise' p)ower d1( 1101 dlep~end oil th li lelieitlli5 IThe elelI ilt ailis Were

noionrally' equl to unity Lilbt actuiallv m viii aforilY frn 1 0.5( to I.5. BothI NI SWB

andh the( new algoritivi used thle galli-alihrated R.,. lT'e signial dlirec'tionls of' arrival

were 0 --- 10', 0A anid 100: each signal hiad S\ It of" 20) (1B. lwenlt v I rials werepcr

formied. Ill at trial, each elellill was lalid(11nly dispIacell: thle N and v- diSplaceIliItS

were independent andif11Iori i over ±.3A ' I'l(, signial stcelin iivectors were adldlit joll-

ally peCrtUi'bed by allgle-ilid('1 elnd('t phiase' otrors ol' ill) to .t03, Oic(( th li t u lrbetd(

steering vectors were generated, thlit saillpit covarialict' Illat riN Was Fall(lol11llV fOrllled

from 500 snap1)hots1. The theoretical st etllIlg vtctll 15were calIcullated't at onle- degret'

inicrement s. [heli algori thin \\as, alIlowed( to HAul For 2001 ite(rat ions. Oid oil(-(,lC iii the
20 trials did MUSIC have thre peaks iii In'c gelielll vicinity of th li(' 1111 direct io115-

of-arl'ival. [hel( nman xillics fin thl'e11 new Iintt ds (lrc ti-fal~ est imlates welt'

-11.*0',-0.5', and~ 10.30. The standard (leviaitions were I.>S. 2. 1'. anid1.0

Trhe following figures werte gel lra te u'Isinlg thle dlata 110111 tie( tweni eth trial.

Fig. 1 shows that the algorithmn imp~rovedl upon0 tit(, ini)tial INI U SIC est imates of thle
signal steering vectors; each estii a I d ste't'ri Ig vctor Was C(t Ii Varedl withI thle closest

actual steer'ing vector and thlet ave'i, lillSprate tm"W Waalin\s dehtliltt ( tli gainI
err1,0rs Were riot c'onideredl in t his calcuilationl . I 2'~ lt~ t hat thlit I lallsf()ll(t'(

est imIatedI stenig \'ectIors rap~idtly becomeI t'w~ iotlll to each 01 lit afttr a fk-'x tera-

tioris, as dlesiredi. lliis is oit' "1 to ('StIMl hat ' ItW ell th li'algtlriIIIIll is pelt or-Ilinrg.

Fig. :3 reveals a second \\ii\ to clte1tI the' a gull t Ii iIltll lii'I l t'c tst liaed (

steeriing vtectors Sh~ould lic close to Ih li' igiiai liItt. Figs. I and~l .) ilhl st Halt t het
direction-ol-arrjval 5I)(t a For NI tiIC anid l II('\\ luiit't11 III th li' aIt of th lt iter,
the ind(ividuial cursl~'5or th lit' he signials hiit\.(, leen sui I'IIlposedi oil lit' saIille ])101.

Alt hiugl NIlTSI( "as iot caaj)lhdl of u'sulviig It' closely spaced sigliak. t he thrtee

driiectioiis-of-arrival ale app1 artent i fig. S



Average Angular Error Bctwecti tile Estimnated and Actual Stecrngo Vectors
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Average Orthogonality of Ihe Transformed Estimated Stecring Vectors
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Avcrage Fraction of the Estimated Steering Vectors in the Signal Subspace
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MUSIC hias peaks ait 11, 96, and -96 de-res
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5 Summiiary andl Observationis

oif4(t u lo c ltd 54ir w i d m c .1)41w1Ile 1 wil0( Ili i 1 ill 1j1,4 o ithl tv iI) 01111 c at t i i til I

I i ou t' ii gi l error". T11 c Signal It (1 v5 III -441 ~o , al c1 4 c t lltl.1iI lic 14' ir ii, Ii a1

i ift i I'1a 4 l oll /1o I ( ia 'I'. ( f he11 it1 41(4 444 :t)l4,. Vo/4 cx4/4 . ii 1 It(' p/,(I

r( 1 .Iil I o)('l I 415 w caIil, I :lc vi 1) clit'i l 1ttii it ' I1JJ , I I(-I.'. 441 i1441<.1t. loll, 44/i.l

hec ti .' coq u r lvo I.' v wiS t h I :2I l "h v ITt r\Ill- l i l h II, lo 1P'1 ll iII-

V (lor o iI( Y.s flk ll a ed 1 8 Iillics. 'ul laa ('lllt lolc111 I I i i "c'lit4 iP1 I Hl1-

hat oll wnIl [A)('l I c01 a l cloI: Ner I1' d on l 111141 Ilsli la 101 Ii ljilt'l ll(1i\t i lollt

, I l tLd r I, h-us. 0 1(0I ] it s OA , 111c l((/1, £1114/l >11/iM 0/ P!ioc tcjll . . 8 -5 2

ll6 A. '.1. \\'' is 1 13. l'Y ,[ it il i ti d 1.i -'.\iitvS i4 ' Allaiilvl i ,I 444C 111 i

1Roil 10  4,I Inca theis A I aX llc flil a P1 .1-tI il l Il l P oc. 11 ./ I /b i>f 44 1

('0/SIl, (t n(1. il( .>lll/ 1/4 It(l. fid CmaSSI r:': I~ c 1).30 93 1. 1wili

CA.I Nmt



i\iSli iject to PhIase ki"-ros lE. ya U.SU t/ioii., t'11 . h roJpit ali11dU I/ chill i

Sytin.', (oL.AES-21402 110. JutlyI )S

[81 13. Friedllander and A. J1. M\iss. I-Qilst 11 wl Nkhodt forHI i wcti l Fl indtingi

Onl A Couas/ic.' , .S'pmli and .Sign a! pagc.'.'.ja i -WN ' _ I2G; Ne Yo r k .N

A\pr. 1988.

Collph ing Ill I 1roc. of /I( :1 '.il/iiiii ( '/. it rm( ou>ql/- i.Iu, a n! ( 'am-

ph is. pagcs .598- (02, lNclit ( r-ov( CA. Noav. I~s

[10 C. c. lown. .1. 11. Nh ICCtll. and I-:. J]. Holder. i2lIt liiiv Ai';pproach foi
A:\riav Processi ng and ( 11i bra I ion \Yit h W"T Pnii h wcus ainid ( 46u n IOnrt it ions

flmges 3037 -3010, 'Iorwilko. Canada. 1991,

[I1 Hj . 0. Schmidt. .-'N I ilt ile kin11 t (1 Locatio l all ali sigiliI Pa l' itt i11i d t'

11:1:1: lions,. on A111ti( .nu ul Piopaiylioi. A P-31:27(i 2SH. Nhirch I9~


